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Symmetry protected topological phases (SPTs) have universal degeneracies in the entanglement
spectrum in one dimension (1D). Here, we formulate this phenomenon in the framework of “sym-
metry resolved entanglement” using cohomology theory. We develop a general approach to compute
entanglement measures of SPTs in any dimension and specifically symmetry resolved entanglement
(SRE) via a discrete path integral on multi-sheet Riemann surfaces with generalized defects. The
resulting path integral on nontrivial manifolds is expressed in terms of group cocycles describing
the topological actions of SPTs. Their cohomology classification allows to identify universal entan-
glement properties. Specifically, we demonstrate entanglement equipartition for all 1D topological
phases protected by finite abelian unitary symmetries. The method opens the way to explore higher
dimensions and additional symmetries.
I. INTRODUCTION
Symmetry protected topological phases (SPTs) are
quantum mechanical states of matter respecting a sym-
metry and having a finite energy gap. Nontrivial SPTs
have fractionalized edge states1 and a peculiar form of
short range entanglement, making them resource states
for measurement-based quantum computation2,3. Specif-
ically, the appearance of topologically protected degen-
eracies in the entanglement spectrum in one-dimension4
(1D) is a key property which is invariant under adiabatic
deformations of the wave-function5–7.
In this work we study SPTs in the framework of
symmetry resolved entanglement (SRE)8–12. Consider
a ground state |Ψ〉 of a Hamiltonian respecting a con-
servation law leading to conserved charge, denoted Q,
e.g. the total number of particles in the system. The
full system has a fixed total charge, but for a bipartition
of the system into two regions A and B, the charge of
each region may fluctuate. Yet, the reduced density ma-
trix ρA = TrB |Ψ〉〈Ψ|, and hence its spectrum λi, i.e. the
entanglement spectrum, can be block-decomposed into
symmetry sectors associated with the conserved charge
Q in the subregion A. This allows to symmetry-resolve
the entanglement entropy S = −∑i λi log λi or its vari-
ous moments sn =
∑
i λ
n
i (“Re´nyi entropy”). The en-
tanglement spectrum stemming from symmetry sector
Q is obtained by applying a projector operator PQ to
a given charge Q of subsystem A, {λi}Q = specρAPQ.
SRE was addressed for topological systems hosting non-
abelian anyons13 and also SPTs14, dynamics15 in two-
dimensions16 and it can also be measured experimen-
tally17,18 as demonstrated recently on an IBM quantum
computer19. Some SPT phases display entanglement
equipartition13,19, meaning that entanglement spectra of
different symmetry blocks {λi}Q are degenerate.
Here we are interested in the decomposition of entan-
glement of general SPTs according to the underlying pro-
tecting symmetry. SPT ground states are invariant under
the action of a symmetry
u(g)⊗ · · · ⊗ u(g)|Ψ〉 = |Ψ〉, (1)
where the product is over sites on a lattice, g ∈ G is an el-
ement of the symmetry group G protecting the SPT, and
u(g) is an on-site representation of the symmetry. For
unitary symmetries Eq. (1) is associated with a conserved
charge. One can project into the generalized charge sec-
tors which, for abelian finite groups, can be written in
terms of the group characters χQ(g),
PQ =
1
|G|
∑
g∈G
χQ(g)UA(g).14,20 (2)
Here UA(g) = ⊗i∈Au(g)i acts only on subsystem A. For
the finite abelian groups we shall consider, charge sectors
Q are group elements Q ∈ G.
As a new tool to extract universal information about
the entanglement SPTs, in this paper we develop a dis-
crete path integral approach to compute the SRE of
SPTs. We build on topological actions which are believed
to provide a full description of SPTs in terms of group
cocycles and their cohomological classification7. While
the method allows to extract entanglement properties of
SPTs in any dimension and symmetry, here we concen-
trate on abelian finite groups in 1D.
Focusing on 1D SPTs, we find that nontrivial SPTs
generically display entanglement equipartition. For cer-
tain phases, the equipartition is complete, i.e. the spec-
tra {λi}Q is independent of Q. We also identify topo-
logical phases with a partial degeneracy between sym-
metry sectors. For example this occurs for symmetry
groups G = ZN × ZN where N is not prime. The
entanglement equipartition provides a relationship be-
tween SRE and the degeneracies in the entanglement
spectrum4. The method allows to study nonuniversal fea-
tures that vary withing topological phases, by studying
co-boundary transformations. While the entanglement
entropy itself in nonuniversal, it has minimal value which
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2is a property of each SPT14, and is intimately connected
with SRE equipartition.
II. SRE OF SPTS FROM TOPOLOGICAL PATH
INTEGRAL
Entanglement measures can be represented using
quantum field theory as a path integral on multi-sheet
Riemann surfaces21,22. SRE can be incorporated by in-
troducing generalized Aharonov-Bohm fluxes into this
space8,10. For theories like 1D conformal field theories
the resulting partition functions can be computed ex-
actly8,10. Progress can also be made using gapped theo-
ries. Here we deal with theories comprising of topological
Wess-Zumino-Witten (WZW)-like terms23,24 which were
argued to give a general description of SPT phases7.
The key feature of the employed field theories Z =∫
Dge−
∫
ddxL[g(x,τ)] representing SPTs, that will be spec-
ified in a discrete form in Sec. II A, is, property (i), that
they always give a trivial action amplitude
e−
∫
closed
ddxL[g(x)] = 1 (3)
for a closed manifold25. Chen et. al.7 formulated general
fixed point wave functions of a d−dimensional SPT living
on a closed manifold M , by arbitrarily extending M to
be the boundary of a d + 1-dimensional manifold, M =
∂Mext,
ψ(g(x))|x∈M =
∫
Mext
Dge−
∫
dd+1xL[g(x)], (4)
with the boundary condition that the field coincides with
g(x) on M . We take M and Mext to be a d−sphere and
a d+ 1-ball, respectively, as depicted in Fig. 1(a) for d =
1. Since the extension of M into Mext is arbitrary, the
theory also satisfies property (ii): the action amplitude
depends only on the field on the boundary. Together with
the symmetry condition
e−
∫
dd+1xL[g(x)] = e−
∫
dd+1xL[gg(x)], g ∈ G, (5)
Chen et. al.7 argued that the classification of these field
theories is equivalent to that of SPTs.
The normalization condition 〈Ψ|Ψ〉 = 1 or Tr|Ψ〉〈Ψ| =
1 is then trivially represented from Eq. (3) by the path
integral over the closed surface obtained by gluing a pair
of d + 1-balls on their boundaries, resulting in a closed
manifold equivalent to a d + 1-sphere, see Fig. 1(b). If
we divide M into regions A and B, which we take to be
equivalent to the two halves of the d−sphere, the reduced
density matrix TrB |Ψ〉〈Ψ| is represented as path integral
on a manifold with a boundary, as depicted in Fig. 1(c).
The n−th Re´nyi entropy is then represented as a path
integral over the n−sheet Riemann surface, see Fig. 1(d).
To obtain the SRE we apply the projector onto a given
symmetry sector. To do so we assume that projectors can
be written as in Eq. (2) in terms of the symmetry oper-
ators UA(g) = ⊗i∈Au(g)i. This requires to apply the
transformation UA(g) on the wave function. In the |g〉
basis this amounts to taking g(x) → gg(x) for x ∈ A.
This can be readily implemented in the action amplitude
expression Eq. (4) in the extended manifold. Note that
the action amplitude is invariant under a global sym-
metry transformation Eq. (5), and also, due to property
(ii), it is also invariant under any local transformation
of the field configuration g(x) → g′(x) = gg(x) acting
only inside Mext, i.e. not on the boundary, M . On the
contrary, consider a d−dimensional defect D, living in
Mext, whose boundary ∂D is in M and which coincides
with the boundary of A, ∂D = ∂A. This is illustrated
in Fig. 2(a) for d = 1, in which case D is a line defect
extending through Mext from the pair of end points of A.
Applying the transformation on a submanifold of Mext
bounded by D and A, gives the wave function
(U(g)ψ)(g(x)) =
∫
Mext
Dge−
∫
dd+1xL[g′(x)], (6)
g′(x) = g−1g(x)|x bounded by D,A. Similarly, we can con-
struct a path integral expression for the symmetry re-
duced density matrix, Fig. 2(b), where symmetry resolu-
tion requires to use characters as in Eq. (2).
A. Discrete space: complexes and cocycles
Chen et. al.7 proposed a field theory due to Dijkgraaf
and Witten26 satisfying Eqs. (3), (5) and the associated
properties (i) and (ii), written in a discrete d-dimensional
triangulated space - a complex. See also Ref. 27 for
clarifying discussions; Properties (i) and (ii) are encoded
there27 as theorems 1 and 2.
Consider a triangulation of the manifold M into ele-
mentary d + 1-dimensional simplexes, see Figs. 1,2. At-
taching a “spin” variable gi ∈ G to each vertex, our ac-
tion amplitude is a product over all the elementary d+1-
simplexes over the U(1)-valued function
e−
∫
dd+1xL[g(x)] →
∏
ij...k
ν
sij...k
1+d (gi, gj , . . . , gk). (7)
The key object here is the group cocycle
ν1+d(g0, g1, . . . , gd+1) being a U(1)-valued function
of d + 2 variables, that satisfy (a) the symmetry
condition
ν1+d(g0, g1, . . . , gd+1) = ν1+d(gg0, gg1, . . . , ggd+1), (8)
and (b) that a product of cocycles over any closed d+ 1
manifold is trivial25∏
ij...k
ν
sij...k
1+d (gi, gj , . . . , gk)|closed manifold = 1. (9)
The latter is called the cocycle condition, equivalent to
3𝑐 𝜌𝐴 = 𝑇𝑟𝐵 Ψ 〈Ψ|𝑏 1 = 𝑇𝑟 Ψ 〈Ψ|𝑎 Ψ
𝑀𝑒𝑥𝑡
𝐴
𝑀𝑒𝑥𝑡
𝑀𝑒𝑥𝑡
𝑑 𝑠𝑛 = 𝑇𝑟𝜌𝐴
𝑛
FIG. 1. (a) The wave function of a d = 1 SPT on a circle (M = Sd) as an action amplitude on an extended manifold Mext
(a d + 1−ball) with M = ∂Mext. (b) The normalization condition Tr|Ψ〉〈Ψ| = 1 is expressed as a trivial action amplitude on
a closed manifold of a d + 1-sphere obtained by gluing a pair of Mext manifolds at their boundary. (c) The reduced density
matrix corresponds to an action amplitude on an open manifold, whose boundary is the union of the A subsystems from each
Mext. (d) The n-th Re´nyi entropy as an action amplitude on an n-sheet Riemann surface.
𝑎 𝑈𝐴(𝑔) Ψ 𝑏 𝑈𝐴 𝑔 𝜌𝐴
𝑔
𝐴
𝑔
𝐷
FIG. 2. (a) A defect line D is attached at a pair of points
∂A = ∂D to M and extends arbitrarily through Mext. We
implement the transformation g(x) → g′(x) = gg(x) for
x ∈Mext located on one side (marked g) of the defect. The re-
sulting action amplitude e−
∫
dd+1xL[g′(x)] represents U(g)|Ψ〉.
(b) Corresponding manifold and added defect for UA(g)ρA.
Eq. (3). The complex has a branching structure that
determines the values of sij...k = ±17. Having found a
cocycle in d + 1-dimensions satisfying Eqs. (8) and (9),
one can perform a co-boundary transformation, simply
by attaching to each d-dimensional simplex at the bound-
ary of each d+ 1-dimensional simplex an arbitrary func-
tion µd(g0, . . . , gd) that satisfies the symmetry condition
Eq. (8). This results in an equivalent cocycle. So, co-
boundary transformations define equivalence classes of
cocycles. The cohomology group H1+d(G,U(1)) classi-
fies cocycles up to co-boundary transformations. The
fundamental conjecture of Chen et. al.7 is that this clas-
sifies SPTs into phases, also yielding explicit form for
their wave functions7.
III. ENTANGLEMENT SPECTRUM IN 1D
FROM COHOMOLOGY
The field theory satisfying property (ii) on complexes
leads to triangulation invariance: the action amplitude
does not depend on the internal triangulation of the com-
plex7. This allows us to express universal (and nonuni-
versal) entanglement measures in terms of a minimal
number of cocycles involving the edge of the n-sheet Rie-
mann surfaces introduced above. Nonuniversal proper-
ties are those that depend on co-boundary transforma-
tions. To demonstrate these ideas we now turn to 1D
SPTs.
The reduced density matrix in Fig. 1(c) for a chain
with LA sites is equivalent to a 2-ball (a disk),
=
ℎ ℎ′
ℎ ℎ′ .
We use {g} to denote sites in A (2LA sites in total for
ρA) and {h} for the rest. The latter include two sites
h, h′ on the boundary of the manifold originating from
subsystem B, as well as internal vertices.
The n−th Re´nyi entropy in Fig. 1(c) is obtained by
identifying the upper edge of the i−th disk with the lower
4edge of the i+ 1-th disk periodically,
𝑠𝑛 = 𝑁෍
𝑔
ℎ
=
1
|𝐺|4𝑛
෍
𝑔 ,{ℎ}
ℎ
1 2
3 4
ℎ′
. (10)
In the passage to the last complex we used the freedom to
remove internal sites, allowing us to leave only two sites
in region A in each “copy”, and we also chose a specific
branching structure28. Using triangulation invariance we
see that it is sufficient to retain two sites in region A
(red dots) and two sites in region B (white dots). The
resulting |G|2 × |G|2 effective density matrix is
ρeffA (g1, g2; g3, g4) = (11)
=
1
|G|4
∑
h,h′
ν2(g1, g2, h
′)
ν2(g1, h, h′)
ν2(g3, h, h
′)
ν2(g3, g4, h′)
.
It trivially satisfies trρeffA =
∑
g1,g2
ρeffA (g1, g2; g1, g2) = 1.
The SRE can be obtained from
(UA(g)ρ
eff
A )(g1, g2; g3, g4) =
ℎ
2
ℎ′
𝑔
43
1
= 1|G|4
∑
h,h′
ν2(gg1,gg2,h
′)
ν2(gg1,h,h′)
ν2(g3,h,h
′)
ν2(g3,g4,h′)
. (12)
A. Evaluation of SRE
Consider the symmetry group G = ZN × ZN stabiliz-
ing nontrivial SPTs in 1D classified by H1+d[G,U(1)] =
ZN .7 The case N = 2 is topologically equivalent to the
famous Haldane (or AKLT) topological phase, includ-
ing also the 1D cluster state. Labeling group elements
by a pair of mod-N integers, g = (n1, n2) (n1, n2 =
0, 1, . . . , N − 1), as well as charge sectors Q = (q1, q2)
(q1, q2 = 0, 1, . . . , N − 1), the characters are χQ(g) =
e
2pii
N (n1q1+n2q2). Nontrivial cocycles representing the m-
th phase (m = 0, 1, . . . , N − 1) are29
ν2(g1, g2, g3) = e
2piim
N [(n
2
2−n21)(n13−n12)], (13)
where gi = (n
1
i , n
2
i ).
We can see that m = 0 is always the trivial phase, with
a product state wave function |Ψ〉m=0 = ⊗i 1√|G|
∑
g |g〉.
The entanglement spectrum consists then of a sin-
gle unit eigenvalue in the trivial Q = (0, 0) charge-
sector. m 6= 0 correspond to topologically nontriv-
ial SPTs. For Z2 × Z2 the wave function is equiva-
lent to that of the cluster state19, and the eigenvalues
of the effective density matrix Eq. (11) are {λi}ideal =
{1/4, 1/4, 1/4, 1/4, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0}. Symme-
try resolving those using Eqs. (12) and (2), we find that
indeed the eigenvalues are equipartitioned between the
4 symmetry sectors. We note that these ground states
exactly correspond to cluster states including higher sym-
metry generalizations30,31, for details see32.
The cohomology theory of SPTs allows to explore
phases obtained by equivalence classes of the cocycles.
We consider cocycles given by Eq. (13) with an extra
random coboundary32,
ν2(g1, g2, g3)→ ν2(g1, g2, g3)ν1(g1, g2)ν1(g2, g3)
ν1(g1, g3)
,(14)
where ν1(g1, g2) = e
iθ(g2g
−1
1 ) and θ(g) is an arbitrary g-
dependent angle. Those consist of |G| random variables
used to explore each SPT phase. In Fig. 3(a) we plot
the SRE spectrum, obtained by diagonalizing the sym-
metry resolved density matrix obtained from Eqs. (12)
and (2), for a specific random coboundary32. We can
see an equipartition of the ES into |G| symmetry sectors.
This generalizes the case of the pure cocycle Eq. (13) with
spectrum {λi}ideal showing that the content of the ES in
each sector is nonuniversal. However the degeneracy al-
ways persists in the topological sector. This implies a
minimal value of the entanglement entropy: Since there
are at least |G| eigenvalues ≤ 1/|G|, the entropy of non-
trivial SPTs has a lower bound at14
Snon trivial SPT ≥ log |G|, (equipartition) (15)
as illustrated by the dashed lines in the histogram plots
in Fig. 3(b). On the other hand trivial SPTs can be arbi-
trarily close to product states (although statistically they
are typically not) and have no topologically protected en-
tanglement minimum.
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FIG. 3. (a) Entanglement spectrum for fixed point wave functions given in terms of cocycles Eq. (13) for symmetry group
G = ZN ×ZN with random coboundaries. The topological sectors (m 6= 0 in Eq. (13)) display degeneracies between the sectors
with conserved charge Q = (q1, q2) marked in the x-axis. (b) entanglement entropy distribution over a family of wave functions
related by coboundary transformations confirming the entanglement minimum in topological phases Eq. (15).
IV. PROOF OF EQUIPARTITION
As our numerical results exemplify, the SRE spectrum
and the entanglement entropy are not universal quan-
tities of SPT phases, i.e., these quantities vary within
phases. However the equipartition is a universal prop-
erty of nontrivial SPTs. In this section we prove this
analytically for finite abelian groups.
Consider the quantity
Zn(g) ≡ TrUA(g)(ρeffA )n. (16)
It has the graphical representation of a partition function
on an n-sheet Riemann surface as in Fig. 1(d), with an
additional defect line. We will show that
Zn(g) = 0 for g 6= e (17)
holds in nontrivial SPTs, independent of coboundary
transformations. Here e ∈ G is the identify element.
Namely, the topological path integral vanishes in the
topological phase when inserting a nontrivial defect line.
Combined with Eq. (2), we have
sn(Q) = 1|G|
∑
g∈G
χQ(g)Zn(g) =
1
|G|χQ(e)Zn(e) =
1
|G|sn,
(18)
which is independent of Q, so that equipartition follows.
In the rest of this section we turn to a proof of Eq. (17).
First we will prove it algebraically for n = 1. Then, we
will provide a geometric interpretation to this proof in
terms of topological path integrals and using their trian-
gulation invariance properties, allowing to generalize the
proof for any n.
A. n = 1: symmetry resolved probabilities
We begin with the effective density matrix of the sec-
tor g, (UA(g)ρ
eff
A )(g1, g2; g3, g4) given in Eq. (12). We
consider Zg ≡ Tr(UA(g)ρeffA ). The trace is given by (af-
ter applying a coboundary ν1)
Zg =
1
|G|4
∑
g1,g2,h,h′
ν2(gg1, gg2, h
′)
ν2(gg1, h, h′)
ν2(g1, h, h
′)
ν2(g1, g2, h′)
ν1(gg2, h
′)ν1(g1, h)
ν1(g2, h′)ν1(gg1, h)
. (19)
We write the 3-variable ν2’s in terms of 2-variable ω’s, ν2(g1, g2, g3) = ω2(g
−1
1 g2, g
−1
2 g3), so that ν automatically
satisfies Eq. (8)7. This yields (we denote ω1(g) = β(g))
Zg =
1
|G|4
∑
g1,g2,h,h′
ω2((gg1)
−1gg2, (gg2)−1h′)
ω2((gg1)−1h, h−1h′)
ω2(g
−1
1 h, h
−1h′)
ω2(g
−1
1 g2, g
−1
2 h
′)
β((gg2)
−1h′)β(g−11 h)
β(g−12 h′)β((gg1)−1h)
.
Recalling that the group is abelian, let us define s1 = g
−1g−11 h, s2 = g
−1g−12 h
′, and s3 = g−11 g2. These variables live
on the links of the complex, see Fig. 4(a). Since the ν cocycles satisfy the symmetry condition, after the change of
variables the “center of mass” sum simply yields a factor |G|, ∑g1,g2,h,h′ = |G|∑s1,s2,s3 , and we obtain
Zg =
1
|G|3
∑
s1,s2,s3
ω2(s3, s2)
ω2(s3, gs2)
ω2(gs1, s2s
−1
1 s3)
ω2(s1, s2s
−1
1 s3)
β(s2)β(gs1)
β(s1)β(gs2)
.
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FIG. 4. Graphical representation of the calculation of the symmetry resolved first Re´nyi entropy (UA(g)ρ
eff
A )(g1, g2; g3, g4) in
Sec. IV A.
One can see in Fig. 4(a) that indeed the arguments of the coboundaries β appear on the boundary of the complex.
Separating s1, s2, s3 is done by using the cocycle conditions
ω2(s3, s2)
ω2(s3, s2g)
=
ω2(s2, g)
ω2(s3s2, g)
,
ω2(gs1, (s2s
−1
1 s3))
ω2(s1, (s2s
−1
1 s3))
=
ω2(g, s1(s2s
−1
1 s3))
ω2(g, s1)
=
ω2(g, s2s3)
ω2(g, s1)
, (20)
and then changing the sum variables defining s′3 = s3s2 → s3 obtaining
Zg =
1
|G|3
[∑
s1
β(s1g)
ω2(g, s1)β1(s1)
][∑
s2
ω2(s2, g)β(s2)
β(s2g)
][∑
s3
ω2(g, s3)
ω2(s3, g)
]
. (21)
This is the required form. We managed to separate the
sum of products, into 3 products of sums. Only the sum
over s3 is coboundary-independent and so in general only
when this sum vanishes for g 6= e we will have equiparti-
tion. We demonstrate that∑
s3
ω2(g, s3)
ω2(s3, g)
= 0, (g 6= e) (22)
in the Appedix B using group theory methods. We note
that this does not follow from cocycle conditions, but
rather, by properties of abelian cocycles. Essentially, this
sum has the strucure of a geometric series of phases and
hence is finite only in the trivial cocycle.
B. Graphical degeralization
The steps involved in the algebraic calculation of the
preceding subsection can be graphically represented as in
Fig. 4(a-d). The crucial step is the use of the cocycle con-
dition Eq. (20), represented by the transition Fig. 4(b)→
(c). We see that through this algebraically allowed step,
we have connected a vertex to itself, via the g−link. In
Fig. 4(d) we observe that the summations over products
of cocycles factorizes, as in Eq. (21).
Now consider TrUA(g)(ρ
eff
A )
n. As in Eq. (10) it is writ-
ten in terms of the sum 1|G|4n
∑
g,h of a large complex.
According to the main Dijkgraaf-Witten theorem (theo-
rem 2 in Ref. 27) this depends only on the triangulation
and the values of {gi, hi} on the boundary. In Fig. 5(a),
we start from a different triangulation than in Eq. (10),
7that connects sites far-away in replica space (n), This is
convenient since it allows us to repeat the same calcula-
tion we did for n = 1. Following the same steps, shown in
Fig. 5(a-d) for general n we obtain a similar factorization
of the complex, where one of the factors is coboundary-
independent as well as n-independent, and vanishes for
the topological-nontrivial cocycles,
TrUA(g)(ρ
eff
A )
n ∝
∑
s3
ω2(g, s3)
ω2(s3, g)
= 0, g 6= e. (23)
This, together with the demonstration of Eq. (22) given
in Appendix B, completes our proof. In the next section
we work out more examples.
V. ENTANGLEMENT EQUIPARTITION IN
FINITE ABELIAN GROUPS
We defined the resolution of the entanglement spec-
trum into symmetry sectors {λi}Q and found equipar-
tition for certain examples. Here we provide a gen-
eral condition for equipartition in finite abelian groups
using a general form of the cocycles33. For a finite
abelian group G, there is always a decomposition such
that G = Ze1 × Ze2 × · · · × Zek , where ei divides ei+1.
Group elements are {g1, . . . , gk} where gi ∈ Zei . It is
possible to enumerate all the cocycles, and hence all the
SPTs, using a set of integers pij , (1 ≤ i, j ≤ k) where
0 ≤ pi<j ≤ gcd(ei, ek) and pi≥j = 0. We find that if for
all group elements g 6= e, there exists r (1 ≤ r ≤ k) such
that
k∑
i=1
(pri − pir)gi
min(ei, er)
/∈ Z, (24)
then there is equipartition. In Appendix B we show
that this condition guarantees Eq. (22). As we proved
in Sec. IV B, Eq. (22)guarantees equipartition of the
symmetry resolved n−Re´nyi entropy for any n. This
implies a degeneracy in the entanglement spectrum.
Furthermore, in Appendix D we show that this con-
dition is equivalent to the concept of maximally non-
commutative (MNC) cocycles, establishing a connection
between equipartition in the entanglement spectrum and
these MNC phases that are known to allow measurement-
based quantum computation 2,3,14.
As will be discussed in the examples below, for some
groups condition (24) holds for almost but not for all
g 6= e, and then we find that most, but not all of the
symmetry sectors, are degenerate.
1. ZN × ZN
Let us focus on the group ZN × ZN . The aforemen-
tioned decomposition of this group is given by e1 = e2 =
N m Partitions Signature
2 0 4 (1,1,1,1)
2 1 1 (4)
3 0 5 (2,2,2,2,1)
3 1 1 (9)
3 2 1 (9)
4 0 10 (2,2,2,2,2,2,1,1,1,1)
4 1 1 (16)
4 2 4 (4,4,4,4)
4 3 1 (16)
5 0 13 (2,2,. . . ,2,2,1)
5 1 1 (25)
5 2 1 (25)
5 3 1 (25)
5 4 1 (25)
6 0 20 (2,2,. . . ,2,2,1,1,1,1)
6 1 1 (36)
6 2 4 (9,9,9,9)
6 3 5 (8,8,8,8,4)
6 4 4 (9,9,9,9)
6 5 1 (36)
TABLE I. Numerical results for the sectors’ partition (see
text for definition) of the group ZN ×ZN . The index m labels
topological phases. Partitions are the number of different
sectors. Signature shows the different sectors (there are N2
sectors) partitioned by their equality (e.g. (1, 1, 1, 1) means
that all the sectors are different while (4) means they are
all equal and (2, 2) means that there are 2 pairs of 2 equal
sectors).
N with k = 2. Denoting m = p12, condition (24) then
reads: For all g 6= e, mg1N /∈ Z or mg2N /∈ Z.
For the trivial phase m = 0, the condition never holds
as 0 ∈ Z, and so equipartition does not occur. On the
contrary, for non-trivial phase p12 6= 0, for g 6= e either
g1 or g2 is nonzero. Therefore, for this component gi
we have that N does not divide mgi for all gi in case of
equipartition. This is possible if and only if gcd(m,N) =
1. Specifically, for prime N equipartition always occurs.
Using numerical simulations we now check our condi-
tion and also test further implications. Specifically we
test cases with special symmetry groups where Eq. (24)
holds for almost but not all group elements, leading to
a degeneracy between a subset of symmetry sectors. We
compute {Zg} for all g ∈ G, as defined in Eq. (19) using
the ZN × ZN cocycles, with random coboundaries, and
then use the ZN × ZN characters in order to obtain the
symmetry resolved probabilities {ZQ} using Eq. (2); for
further details see Appendix C. In Table I we plot the
different sectors’ “partitions”, i.e. the number of differ-
ent values among the N2 probabilities {ZQ}. We made
sure that nonuniversal degeneracies are removed using
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FIG. 5. Generalization of Fig. 4 for arbitrary n.
random coboundaries. We indeed see that for prime N
and for non-trivial phases there is always full equipar-
tition, i.e., one partition. Moreover, when m, indexing
the topological sector, divides N , we see that although
equipartition does not occur, we have various sectors with
degenerate eigenvalues, and so we see “almost” equipar-
tition. These patterns, as well the complicated ones, are
well understood by employing condition (24).
While both full equipartition for N prime or partial
degeneracy occurring when m divides N , are signatures
of topological nontrivial phases, Table I also displays de-
generacies in the trivial phases for N > 2 in the form
of (2, 2, ...., 2, 1, 1, . . . , 1). Generally, and including in the
trivial phase, there is a degeneracy in the entanglement
spectrum between charge sectors Q and Q−1. This fact
can be also seen in Fig. 3(a) for G = Z3 × Z3 specif-
ically in the trivial phase. This follows from the rela-
tion Zg = (Zg−1)
∗, which can be proven by gluing to-
gether two discs of Fig. 2(a) with opposite orientations,
obtaining a closed surface (S2) with a closed defect32.
From here, it is clear that the symmetry sectors will
have (2, 2, ...., 2, 1, 1, . . . , 1) pattern as the characters for
ZN ×ZN obey similar relations (χq(g) = χq(g−1)∗). The
double degeneracies (2’s) come from group elements g
such that g 6= g−1, and the (1’s) come from elements
g = g−1.
2. Zn2
In the case of G = Zn2 , we have Z
n(n−1)
2
2 phases (from
the cohomology group)27. The phases can be represented
by upper triangular n × n matrix A with entries in Z2.
For the usual cocycles with no coboundary, we can calcu-
late the sectors from the common kernel of A,AT . This
common kernel is hard to calculate generally but unveils
the degeneracy patterns when using general principles in
group theory.
Let us use the general formula (24) to calculate the
cases in which equipartition occurs. The condition reads:
For all g 6= e there exists r such that ∑i(Ari −Air)gi =
1, or equivalently, A |g〉 6= AT |g〉 when using addition
and multiplication in Z2, where |g〉 is a vector with n
components in Z2 representing an element in G.
For the trivial phase A = 0, it is clear that equiparti-
tion never occurs as A = AT . For the non-trivial phases
in the case that k is even, specifically, where A is a matrix
with 1’s on the anti-diagonal (ai,j with i+j = n+1) above
the main diagonal, we have that indeed this condition for
equipartition holds as one can check (A − AT is invert-
ible, as the determinant is trivially non-zero, and hence
the only vector obeying A−AT |v〉 = 0 is the zero vector,
which is e). For n odd that is not the case, as B = A−AT
is a skew-symmetric matrix obeying B = −BT , which
implies that the determinant vanishes for odd sized ma-
trices, and there is no equipartition for any phase.
9VI. CONCLUSIONS
We employed the Dijkgraaf-Witten26 discrete gauge
theories and the associated cohomological classification
of symmetry-protected topological order, in order to de-
scribe the entanglement structure of SPTs. These gauge
theories are based on terms which are topological invari-
ants of closed manifolds. We showed in general dimen-
sions that entanglement measures are represented by gen-
eralized n-sheet Riemann surfaces which have a bound-
ary; as a result entanglement itself is not a topological
invariant. However, one expects to find topologically in-
variant features in the entanglement of SPTs. For this
purpose we employed symmetry resolved entanglement.
Focusing on 1D, we found generally that in topological
phases, the symmetry resolved entanglement is equipar-
titioned. This is connected to the known degeneracies
in the entanglement spectrum. We provided a proof
of entanglement equipartition using the underlying co-
homological description for general SPTs stabilized by
abelian fintie symmetry groups. This leads to a mini-
mum entanglement of a given phase. Also, some sym-
metry groups contain phases in which equipartition is
replaced by a partial degeneracy between symmetry sec-
tors, like G = ZN × ZN with N non-prime. Yet, we did
not find a formulation of these degeneracies in terms of
a Dijkgraaf-Witten path integral over a closed manifold.
Rather, it appears to be a special property of cocycles of
abelian groups which we considered.
In 1D, similar results can be obtained somewhat
more easily from matrix product state (MPS) consider-
ations4,14. Our approach, however, offers some hope of
generalization to higher dimensions. On the other hand,
MPS arguments seems at first sight to be more general
since any gapped ground state in 1D can be accurately
represented by an MPS with some finite bond dimension,
so that the entanglement spectrum mirrors a real edge
spectrum with edge modes giving rise to degeneracies4,14.
In contrast, our results apply for the wave functions con-
structed by Chen et al.34 describing fixed point states
with zero correlation length, and thus to parent Hamil-
tonians of a particular form. Neverteless, the simplicity
of these states together with the mathematical toolbox
of cohomology can then open the way to explore using
our methods the entanglement structure of other systems
including higher dimensional generalizations35–39, which
is left for future work.
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Appendix
In Appendix A we review the definitions of Ref. 7 for
group cocycles, their graphical representation on sim-
plexes and complexes, and their use application to write
ideal SPT wave functions. We also define partition func-
tions with defects used to compute symmetry resolved
entanglement. In Appendix B we use known forms of co-
cycles of general finite abelian groups to prove Eqs. (22)
and (24) which guarantee equipartition of entanglement.
In Appendix C we provide details on our numerical sim-
ulations. In Appendix D we prove a general relation be-
tween the degeneracies in the entanglement spectrum and
the non-commutativity of the cocycles, specifically, we
show that equipartition and maximally non-commutative
cocycles are equivalent.
Appendix A: Geometrical interpretation of group
cohomology
1. Cochains, cocycles, coboundaries and the
cohomology group
A d-cochain of a group G is an arbitrary complex func-
tion µd(g0, g1, . . . , gd) of d+ 1 G-valued variables satisfy-
ing |µd(g0, g1, . . . , gd)| = 1 and
µd(g0, g1, . . . , gd) = µd(gg0, gg1, . . . , ggd), g ∈ G.
(A1)
A d-cocycle is a special d−cochain that satisfies∏
i ν
(−1)i
d (g0, . . . gi−1, gi+1, . . . , gd) = 1. As a specific ex-
amples see Eqs. (A4) or (A5) below.
A d−coboundary λd is a special d−cocycle con-
structed from (d − 1)-cochains µd−1, λd(g0, . . . , gd) =∏d
i=0 µ
(−1)i
d−1 (g0, . . . , gi=1, gi+1, . . . , gd). As a specific ex-
amples see Eqs. (A6) or (A7) below.
Two cocycles are equivalent if they differ by a cobound-
ary. Equivalence classes of cocycles are given by the
d−cohomology group Hd[G,U(1)] of the group G.
2. Example: d = 1, G = ZN × ZN
The d-cochain µd(g0, g1, . . . , gf ) = 1 for all g
′s is a triv-
ial cocycle. As a specific but central example for nontriv-
ial cocycles, consider the symmetry group G = ZN ×ZN
for which H2[G,U(1)] = ZN . Thus there are N equiva-
lence classes. The m− th cocycle is
ν2(g1, g2, g3) = e
2piim
N [(n
2
2−n21)(n13−n12)] (A2)
where nji = 0, 1, . . . , N − 1 is the j-th component of gi.
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a. Relation to cluster states for G = Z2 × Z2
The states with m = 0 and m = 1 exactly map to the
ground states of the Hamiltonians
Hm=0 = −
∑
i
Xi,
Hm=1 = −
∑
i
Zi−1XiZi+1, (A3)
where Xi, Zi are Pauli matrices acting on site i. To
see the relation to the basis used in the cohomology
description one pairs up neighboring sites (2i, 2i + 1)
and works in the Z basis and defines for this effec-
tive site gi = {n1i , n2i } = { 1−Z2i2 , 1−Z2i+12 }2. For ex-
ample, the ground state of Hm=0 is the product state
⊗i(|+〉2i|+〉2i+1), which the same as 1√|G|
∑
g |g〉, consis-
tent with Eq. (A3) for m = 0.
3. Graphical representation
The above definitions admit a useful graphical repre-
sentation. For d = 1, ν1(g1, g2) is a 1-cocycle if
ν1(g1, g2)ν1(g0, g1)
ν1(g0, g2)
= 1 =
𝑔0 𝑔1
𝑔2
(A4)
for any g0, g1, g2 ∈ G. The diagram represents a 1D
complex, composed of three 1D simplexes (lines), each of
which corresponds to a 1-cochain, for example the line
from g0 to g1 represents the 1-cochain ν1(g0, g1). The
brunching structure is such that we label vertices by num-
bers and draw arrows on links along increasing direction.
The graphical representation of the cocycle condition fol-
lows from the fact that this 1D complex is the edge of
a 2D complex, i.e. the triangle (g0, g1, g2), hence it is
closed. Eq. (A4) then states that the (oriented) product
of 1-cocycles along a closed 1D manifold is always trivial.
Similarly in d = 2, a 2-cocycle ν2(g1, g2, g3) satisfies
ν2(g1, g2, g3)ν2(g0, g1, g3)
ν2(g0, g2, g3)ν2(g0, g1, g2)
= 1 =
𝑔0
𝑔1 𝑔2
𝑔3
(A5)
The surface of the 3D tetrahedron (g0, g1, g2, g3) is a
closed 2D manifold, and Eq. (A5) sates that the oriented
product of 2-cocycles on a closed 2D manifold is triv-
ial. In general, the (oriented) product of d-cocycles on a
closed d-dimensional manifold is trivial.
For d = 1, 1-coboundaries are λ1(g0, g1) =
µ0(g1)/µ0(g0). A 2-coboundary is
λ2(g0, g1, g2) = µ1(g1, g2)µ1(g0, g1)/µ1(g0, g2). (A6)
The triangle (g0, g1, g2) in Eq. (A4) can be viewed as a
2D membrane associated with a 2-cochain ν2(g0, g1, g2).
When this 2-cochain is constructed from the 1-chains on
the lines on its boundary, then it is a coboundary. If
these 1-chains are cocycles, then Eq. (A4) states that
this coboundary is trivial, namely the coboundary of a
cocycle is trivial, (d1ν1)(g0, g1, g2) = 1. A 3-cobondary
is
λ3(g0, g1, g2, g3) = (d2µ2)(g0, g1, g2, g3)
=
µ2(g1, g2, g3)µ2(g0, g1, g3)
µ2(g0, g2, g3)µ2(g0, g1, g2)
. (A7)
Graphically, the 3D body of the tetrahedron
(g0, g1, g2, g3) in Eq. (A5) can be associated with a
3-cochain. When constructed from 2-cochains on its 4
faces, we obtain a co-boundary. Eq. (A10) says that
the 3-coboundary is trivial if it is constructed out of
2-cocycles, (d2ν2)(g0, g1, g2, g3) = 1.
4. Partition functions and ideal SPT wave function
Let us consider a d+1-dimensional complex Mext, con-
taining Nv sites, as a statistical mechanical model. At
each site we have a g−valued “spin”. Using d+1-cocycles
we write a “partition function”
Z = |G|−Nv
∑
{gi}
e−S({gi}), e−S({gi}) =
∏
ik...l
ν
sij...k
1+d (gi, gj . . . gk).
(A8)
Here sij...k = ±1 depends on the orientation of the sim-
plex7. Due to the cocycle condition this partition func-
tion is trivial (=1) if Mext is a closed d + 1 dimensional
manifold. Otherwise, it yields a nontrivial theory on the
d−dimensional edge of Mext, denoted ∂Mext. The ideal
SPT wave function is
Ψ({gi}∂Mext) = N
∑
gi∈Mext\∂Mext
∏
ik...l
ν
sij...k
1+d (gi, gj . . . gk)|{gi}〉.
(A9)
Here one sums over the N intv internal vertices, in Mext
not including the boundary ∂Mext where the SPT lives.
The normalization factor is N = |G|−Nintv −Nedge/2. We
emphasize that this wave function does not depend on
the triangulation and internal structure of Mext. (In fact
it even does not depend on the values of the internal g′s).
For a 1D SPT with Next = N sites, taking the simplest
triangulation of Mext such that it contain one internal
vertex g∗, the SPT wave function can be written as
Ψ({gi}) = N
∏N−1
i=1 ν2(gi, gi+1, g
∗)
ν2(g1, gN , g∗)
|{gi}〉 =
𝑔1
𝑔𝑁𝑔2
𝑔∗
(A10)
The symmetry has an onsite decomposition U(g) =∏
i∈∂Mext ui(g), with on-site action u(g)|gi〉 = |ggi〉. One
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can change variables and replace the sum over g∗ by gg∗
and using the cochain condition Eq. (A1) one can check
that U(g)|Ψ〉 = |Ψ〉.
5. Partition functions with defects
Let D be a d-dimensional defect in the d + 1-
dimensional manifold Mext. The defect has a specific
orientation, such that it gives a direction to any 1D tra-
jectory crossing it. This line goes from the “inside” to
the “outside” of the defect. It acts on the state by ap-
plying a symmetry transformation g on sites on one side
of the defect. For the identity element g = e the defect is
trivial. We define the partition function or wave function
in the presence of a defect Z(g) exactly as in Eq. (A8)
except that d + 1-cocycles corresponding to d + 1 sim-
plexes that are cut by the defect are modified to ν1+d(g
′
i)
where in the inside g′i = gi while in the outside g
′
i = ggi.
For example, for a 2-cocycle corresponding to a triangle
being cut by a line defect we denote
ν2(g1, gg2, gg3) =
𝑔0 𝑔1
𝑔2
𝑔
(A11)
or for a 3-cocycle corresponding to a tetrahedron being
cut by a membrane defect,
ν3(g0, g1, gg2, g3) =
𝑔0
𝑔1 𝑔2
𝑔3
𝑔
(A12)
A closed defect ∂D = 0 is trivial. It transforms sites
internal to the manifold by multiplication by g. It has
no effect since the acttion amplitude does not depend on
the internal g′s.
Appendix B: Equipartition Formula for Finite
abelian Groups
Let us write a general finite abelian group G using
the group decomposition G = Ze1 × · · · × Zel , where ei
divides ei+1. As shown in
33, the cohomology group has
size |H2[G,U(1)]| = ∏i<j dij , where dij = gcd(ei, ej).
The cocycles are40
ω(a, b) = exp(2pii
∑
i<j
pijaibj
dij
),
where pij enumerates the
∏
i<j dij different cocycles (it
is easy to see that apart from the trivial cocycles all the
other are non-trivial and form a group. The cocycles
conditions can also be verified) and for convenience we
set pi≥j = 0.
Using the cocycles, we show that f(g) =∑
s ω(s, g)ω
∗(g, s) = 0 for g 6= e. This is Eq. (22),
the expression that implies equipartition. Substituting
the cocycles and writing the sum in an easily calculable
form
f(g) =
∏
k
∑
sk∈Zek
[
exp
(
2pii
∑
i
pkigi − pikgi
dik
)]sk
=
∏
k
g(k)ek − 1
g(k)− 1 ,
where g(k) = exp
(
2pii
∑
i
pkigi−pikgi
dik
)
. If g(k) 6= 1, it is
clear that f(g) = 0 (as ekdik ∈ Z implies g(k)ek = 1). In
the other case, it is clear that the sum does not vanish
(and is given by ek). The only case that f(g) = 0 is that
if g(k) 6= 1 for some k. Alternatively, there exists a k
such that
∑
i
(pki−pik)gi
dik
/∈ Z. For example, if all ei = N ,
then N doesn’t divide
∑
i(pki − pik)gi for some k as the
condition for coboundary invariant Zg = 0.
Appendix C: Numerical Simulations
Here we explain the numerical simulations we have per-
formed in this paper. We describe the numerical proce-
dures used to obtain Table. I and Fig. 3.
The procedure to obtain Table. I is by direct calcula-
tions. As we have seen in the text it is possible to write
the 1st Re´nyi entropy using the cocycles. For each topo-
logical phase, we calculate each Zg using Eq. 21, and
then using Eq. 2 we obtain the degeneracies of the 1st
moment. We check numerically that these degeneracies
are universal by redoing the calculation for several ran-
dom coboundaries.
Plotting Fig. 3 was done by numerically calculating
the different types of the effective density matrix. Us-
ing Eq. 12, we calculate the effective density matrix with
defect g, and by applying Eq. 2 we obtain the effective
density matrix for the sector g. By diagonalizing this ef-
fective density matrix, we get the eigenvalues and are able
to plot Fig. 3(a). For example, the random coboundaries
used are
[0.4114968519411542− 0.9114111809949008i,
−0.39896211626442607− 0.9169674093367826i,
0.5136056414112213− 0.8580263662094353i,
0.7505921670806218− 0.6607657669077718i]
for Z2×Z2, where β(g1, g2) is the line number 1+g2·N+g1
with N = 2. For Fig. 3(b), we need only Eq. 11 as we sum
all the sectors entanglement. We calculate the entangle-
ment by diagonalizing the effective density matrix, ob-
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taining the eigenvalues, and calculating the entanglement
entropy. We do so for many samples, 6100 for Z2×Z2 and
2000 for Z3×Z3, each with different random coboundary
β(gi) = e
(2piiXi), where Xi is a random variable drawn
from a truncated normal distribution (between 0 and 1)
with zero average and 0.2 standard deviation. Plotting
all the samples for the different symmetry groups, we
obtain Fig. 3(b).
Appendix D: Equipartition and Maximally
Non-Commutative Cocycles Equivalence
Let us now calculate the size of the group of g’s s.t.
Zg 6= 0, which we notate by GZ . GZ is composed of ~g’s
that satisfy B~g = 0 (mod el) where Bij =
el
ei
(pij − pji)
is l × l skew-symmetric matrix. The origin of B is from
the negation of Eq. 24, and we multiplied by el to have
integer coefficients as it will turn out to be very useful.
First, we prove that an r × r invertible integer matrix S
induces isomorphism between Zrm to itself by the natural
transformation ~h = S~g (mod m). Let ~g1 6= ~g2 be differ-
ent vectors with entries in Zm, then, ~d ≡ S(~g1 − ~g2) 6= 0
(mod m) as S is invertible, and clearly if ~d is a multi-
plication of m we have immediately by using S inverse
(which is integer matrix by definition) that ~g1− ~g2 is also
a multiplication of m and therefore 0, contradicting the
fact that these are different vectors, therefore, this map
is an isomorphism. We continue by using the useful de-
composition (over Z), known as Smith normal form, that
allows us to decompose B = TDS with matrices over
Z and T, S are invertible while D is diagonal with en-
tries Dii = λi that satisfy λi divides λi+1 with possible
trailing zeros at the end which we call invariant factors.
We extend gi to be from Zel by noting that adding ei
will not change that B~g = 0, but we need to compensate
the counting with division by elei as in Ref.
40. As a re-
sult, using our aforementioned isomorphism and count-
ing, we calculate |GZ | = 1el
e1
...
el
el−1
#{~g ∈ Zlel |D~g = 0
(mod el)} = 1el
e1
...
el
el−1
∏
i,λi 6=0 gcd(λi, el)e
l−t
l where t is
the number of non-zero invariant factors of D, and the
gcd comes from the well known number of solutions to the
linear congruence ax = 0 (mod m) which is gcd(a,m).
Combining these results with Ref.40, we establish a use-
ful relation |G0| = |GZ | (|G0| as defined in Ref.40, see
pages 24-25), and we conclude that equipartition, which
occurs when |GZ | = 1, is equivalent to maximally non-
commutative cocycles, which occurs when |G0| = 1.
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